LaPlace Transforms, Part 1:
Basic Transforms

Course No: E04-040
Credit; 4 PDH

Tom Bertenshaw, Ed.D., P.E.

CER

engineeringscom

Continuing Education and Development, Inc.

22 Stonewall Court
Woodcliff Lake, NJ 07677

P: (877) 322-5800
info@cedengineering.com



Laplace Transforms in Design and Analysis of Circuits©

Part 1 - Basic Transforms

Why Use the Laplace Transform?

The techniques developed in this series of modules apply quite successfully
to analog circuits that are required in certain circuit applications. When all is
said and done we still need to get information from point to point and in an
output format that is readily interpreted by a human brain. Digital techniques
are appropriate for low power data/signal/information manipulation internal
to a machine; however, our brains respond best to integrated analog outputs.
Analog design is becoming a niche specialty like the engineering functions of
RF, EMI, Reliability, Worst Case Analysis, etc.

In a short synopsis, using the Laplace transform method of solving circuit
differential equations a. allows the building of simple algebraic transfer
functions that mathematically model the actual circuit, b. provide a quick
method for calculating transfer function amplitude and phase as a function of
frequency, c. creates a foundation for the rapid calculating and graphing of
circuit loop behavior with respect to stability, and d. summing the above, the
use of transforms provides a simple procedure for performing an essential
engineering function, i.e., predict circuit output as a function of input. We
will get to all of these as a matter of course, but first comes the fundamentals.

A simple transfer function: we are all familiar with the concept of calculating
the output by using a voltage division network, i.e.

(R !

N

because the circuit is series I, = I,,,
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which is a very handy and simple way of predicting the output for any given
input. It is, in fact, a very simple transfer function. Be aware that we are
slanting the whole further development of analysis and design around the
transfer function modeling technique as illustrated in the simple example
above.

or.

Notice that the equation has the general form of
out = (Xfer)*in

where the term Xfer means "transfer function”. Re-arranging this equation
isolates and defines the transfer function as

out
— = Xfer
in

Transfer functions have the innate ability to allow prediction of output as a
function of input, and as such are extremely valuable engineering tools.
Getting there when the circuit equations are integral/differential can be
cumbersome, and error fraught. Nevertheless circuit equations are generally
integral/differential and can be masked to be "worked around" by Laplace's
technique.

A Series Circuit

Consider a low-pass filter;
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The characteristic equation describing the voltage/current relationship for a
resistor is

V =1%R or V=IxI (lower case denotes time changing variables)

whereas for a capacitor the relationship is
i= Cﬂ
dt

Because a capacitor is an open to DC, the vast majority of circuit problems in
design or analysis that include capacitors occur in alternating, time changing

current or charging to a predetermined voltage level, i.e., there is a %.

Forming the ratio V, /Vin for an RC network is not as straight forward as

developing the impedance ratio as in the first case mentioned for the frequency
independent case. However a method of solving the problem follows, so that
Is how we will proceed.

The following example is a simple capacitor charging situation. We will
consider the DC input case, where at t = 0, I.(0) = 0. General circuit
conditions will be covered later on.

Observing that the circuit is a series circuit, and realizing that the current
through the resistor MUST equal the current through the capacitor, we can
write

I, =1, or
Vin—VC _ %
" R dt

where V.. and V,. represent the same voltage. The notation for voltage is
changed to denote that Vi, is non time variable.

After suitable rearranging we get:

Ve Vin
dVC +Rdt = ﬁdt
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t
This relationship has an integrating factor of erc.

After both sides are multiplied by the integrating factor, the equation becomes

t 1% t Vi t
dV_.erRc + —=ercdt = —*eRcdt
RC RC
Integrating both sides gives us;

t t
V.e /rc = Ve /Rc + cnst

Isolating the dependent variable .V, the relationship becomes;

V.=V, +cnste /rc

At t=0; cnst = -V, to account for the initial condition of .(0) = 0. The
complete solution is

V, = Vip(1— e /rc)

After learning Laplace Transform pairs and their applications, and having
appealed to the use of the Laplace Transform instead of using Ordinary
Differential Equations, the process devolves to simple Algebra. (the following
is an example for illustration only at this point)

Vi V, ay, . . . .
f — EC =C d—tc becomes by direct application and some rearranging

Vin( ) Vc( )
- = sV,(s) + > (Step 1)

Further rearranging yields

Vin(s
Ve(s) = — 2 (Step2)

RCs (s+ﬁ)

After a touch of Partial Fraction Expansion (in module 2)

v, (s) = Vin(s) _ Vin(s) _ V(in)fs) (Step 3)

RCs (s+%) S S+R
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That directly inverts to
Ve=Vin (1—e /rc) (Step4)

a far simpler process. Because converting differential circuit equations into
their Laplace Transform pairs is so labor saving (and by extension, error
saving) it is well worth while to become familiar with the process.

The Definition

Learning to convert expressions to their Laplace equivalent is straightforward.
In every case we apply the definition of the Laplace Transform;

F(s)=[ ftedt

This expression says that the Laplace Transform F(s) equals the integral of the
time function f(t) times the transform function e™.

Ultimately the utility of the Laplace Transform is to predict circuit behavior
as a function of time, and by extension, using Bode's technique, to predict
output amplitude and phase as a function of frequency. Further, the transform
of the transfer function provides for plotting the poles and zeros of the transfer
function, which in turn, lays the foundation for the Root Locus method of
analyzing circuit stability as a function of amplitude and frequency. These
topics will be covered in some detail as progression through the modules
develops an ever increasing sophistication in the uses of the Laplace
Transform.

The Basic Transform Pairs

Suppose we have a constant DC voltage of amplitude K. The task is to apply
the definition and develop the Laplace Transform of the constant K .

Directly applying the definition;
st _ 0 _
Recall that e _%St and therefore as t — oo, %St — 0 and also that e° =1.

—st

i K

S

f(t)=K —> F(s)= | Ke™dt=K | e*dt=—K

©
| =
0

S
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K <—>§ (Transform Pair #1)

For example a constant voltage of 10vdc transforms to 10/s; 413.32
transforms to 413.32/s; -22.87 — —22.87/s; etc., etc.

Quite often in the physical world we are confronted with signals that
exponentially decay over time and can be expressed as

f6)=e

o representing some physical parameter and having the units of 1/sec or
frequency (usually in Radians). In electronics & is usually a time-constant
generated by either an RC (resistance/capacitance) or an RL (resistance/
inductance) network. Recall that a single time-constant is defined when ot =1
. When ot =1, e =.37 meaning that the signal decays to 37% of its peak
value in one time-constant.

Graphically, it looks thus,

1.200

1.000

0.800 \
0.600 \

0.200

0.000
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This particular form occurs so often in nature, especially when applied to
signals, that decay over time is assigned a transform.

Suppose there is an exponentially decaying voltage of value Ke™
To find the transform we again directly apply the definition;

Ke—(s+a)t

_ K
(s+a)

(s+a)

f(t)=Ke™ > F(s)=K[ e™edt=K[ e™"dt = -

o—38

Ke ™ >R (Transform pair #2)
S+a

For example:

10
S+3

10e™ &

—-2.36

S+6.78

At this point we need to take a side excursion into Euler's Identities, as the use
of these identities does two things; a. greatly simplifies the calculus of
trigonometric functions by avoiding integration by parts, and b. familiarizes
us with the notational shorthand found in the literature.

-2.36e7°" «

All of the following four identities can be developed and established by using
the processes of Maclaurin's infinite series, which is found in any beginning
Calculus text; that aside, then

e/®t = cos(wt) + j sin(wt)
e 9t = cos(wt) — j sin(wt)

The units on » are rads (radians), and further o = 24 , also that f =1/t (units
on f is in Hertz and t is in seconds), and as usual j=+/-1. While f is indeed
1/1: it is generally taken that ¢ is denoted as T the period of 1 cycle,

When convenient jwt can be thought of as (j 27Tt/T) Also note that from
either of the above identities that,
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et/% = cos(0) + jsin(0) = 1

Subtracting the lower from the upper of the above two, and rearranging, we
get

ejwt _ e—jwt

j2

sin(wt) =

then adding the two, and rearranging, we get

.cos(wt) = M

Using the Identities:

Suppose we have a simple sinusoid, such as
f(t) = Ksin(at)

then

e jot e—ja)t

f(t) = K ;i

finding the Laplace Transform by direct application then,

0 jot _ q-jat . . ; .
KJ- L —Stdt — £(j e—(S—Ja))t dt _'[ e—(s+]a})tdtj
° 2] 2\ 0

performing the integration, and evaluation at the limits;

K e—(s—jw)t w e—(s+j(u)t © K 1 1 Ko
2_1(_(8—1'60)!)+ s+iw)ﬂ_ﬁ[(s—jw)_(sﬂw)}sz+w2

SO
. Ko .
Ksin(at) <> ———— (Transform pair #3)
S"t+w
For example;
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(5.3(7.72) _ 4092

5.3sin(7.72t) <> (sz N 7_722)— (s2+59.6)

30

6sin(5t) &
(5t) (s +25)

—-40.92

—5.3sin(7.72t) &
( ) isz +59.6i

Let f(t)=Kcos(wt), then

0 o gt p o K = - K = -
_ st q4 _ st 44 _ —(s—jo)t —(s+jo)lt
F(s) = K'[O cos(mt)e " dt = KJO (—2 je dt = L e dt+—2 J'O e dt

K (= _(s-jor K rjoy _ K 1 1 Ks
hh dt + — == -
2 e rohe 2\ 5-jo) G+ jo)) 2 +0?)

Pair #4 then,

Ks :
K cos(at) <> m (Transform pair #4)

Examples,

4s 4s
Aoos(at) & (32 +52) T s?425

—-5.67s

—5.67cos(4.3t) «> ———
s°+18.49

Consider f (t) = Ke ™ sin(wt) ; applying the definition

eja)t _ e—j(ut

_ * ot —st ¢ _ K © _—(s+o-jolt * ~(s+o+jot)dt
F(s) = Kjo e (21} dt—zj(_[o e dt—j0 e ]

K (1% (ssojor & (s+cr+ja>t)dtj K 1 1
RAS dt — - _
ZjUOe e 2i\(s+0—-jo) (+o+ o)
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(s P R (= )

ﬁ( (s+o+jo-S—oc+ jo J_ Ko
2j (s +0)- jo)(s+0o)+ jo) (s+0) + o

So

Ko

2

Ke ™ sin(at) <>
(s+0) +o

—~ (Transform Pair #5)

Some examples

30

5e* sin(6t) & ———
(s+3)"+36

—-36.23

—6.54e %% sin(5.54t) & -
(s+2.9) +30.69

As an aside, the interpretation of an electric signal written as
—6.54e 7% sin(5.54t)

It has a peak value of +6.54 or [6.54| (Why can peak value be written as + in
this case?)

It has a time constant of ~344 milliseconds
Frequency in Hertz is about ~.88 (How does 5.54 get converted to .887?)
To be complete an electric signal will be written as
Ke°tsin(wt + 0)
where 6. is the phase angle of the signal when t =0. Either or both & and ¢

canbe 0. A o =0 condition implies the signal does not decay with time. 9«0
means that f(t) possesses some initial amplitude at t =0.

Next is
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f (t) = Ke " cos(at)

Applying the definition
B o ejwt + e—jwt st K ( —(s+o—jo)t *© ~(s+o+jolt
F(s) = KIO e (T e dt _?UO e dt+J‘0 e dt)

Using the same procedures as previously, we get

K(s+o)
((s+a)2 +a)2)

K(s+o+jot+ts+o-jo
2((s+o-jo)s+o+ jo)

and therefore

K(s+o)

Ke ™ cos(at) <>
(o) (s+0) +w

(Transform pair # 6)

2

Examples

11.4(s+3.5)
(s+3.5)° +455,625

et _—6(s+4)
. —b6e cos(5t)<—>(s+4)2+52

11.4e7** cos(675t) <>

Consider the function as shown below.
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time

«—a time

It is clear that the area of the function is 1. At t=0 however, the case is not
so clear, therefore let us define this function to be &(t), possessing the
following properties.

S(t) = ot=0
0; elsewhere

Since &(t) only exists when its argument is 0, and recalling that the area under
the curve is 1, finding the integral is reasoned as follows

[ stydt=1
The transform then

0+
jo S(t)edt =1
SO,

5(t) <> 1 (Transform pair #7)

Examples,
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15(t) & 1
5.735(t) <> 5.73
Saved by Reality:

A word of caution is not out of order here. In actuality, 5(t) can never have
a width of exactly 0, such a signal does not exist. 5(t) will always have some
finite width, however narrow that may be (1 or 2 nanoseconds is pretty
narrow). Therefore recognizing that the area of §(t) is a constant, i.e., 1 for
any width not exactly equal to O provides an extremely plausible argument.

Even though &(t) has been defined to have an amplitude of «» at t=0, iIn

physical circuits « is not realizable and some constraints must be applied to
the idea of 5(t) to be useful practically. Circuit parameters, such as voltage,

current and impedance, depend upon the variables of the circuit components,
the power supply, bandwidth of the signal and of the circuit. None of these
variables can be infinite in a real circuit, therefore the practical or real limit
on §(t) is constrained to a far lesser value.

The most useful aspect of 5(t) is that its existence is limited to a specific very

narrow temporal envelope, i.e., 0 — 0*. In the limit that envelope has no width
and is t=0, and that is an intellectual construct. For our purposes then, it
follows that if 5(t) is applied to a signal g(t) the result is some h(0). As will

be clear later the real utility here is that 5(t) becomes a tool to define the

existence of signals at, and only at t = 0 (or as we will show in the next section,
where the argument (t—a)=0). The theoretical and mathematical subtleties
of this function will not be utilized beyond its utility as a place holder in time.

Time Shifting, the Unit Step and the Rectangular Pulse:

Before we can mathematically define such a model for our purposes, it is
necessary to introduce the modeling of time shifting. For example; suppose
we wish to define a signal to begin when the switch was thrown and the circuit
Is energized. Let such a signal be known as g, and let us agree that g

possesses an argument (t), and further g(t) does not exist until the value of
the argument (t) =0. Or,

gt)=0 forall t<0
gt)y=1forall t>0

Rev. A.3
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Further, let us define an argument on g, such that when we write g(t-a) we
agree that the signal cannot appear until the value t—a=0. Such that

gt—a)=0forall (t-a)<0
gt—a)=1forall (t-a)>0

For example,

g(t-a)

~[ime=1] tme —

Notice that the signal we just agreed to define has an amplitude of either O or
1. When (t-a)>0 we will call this signal with an amplitude of 1 as a unit

step u(t), u(t — a), etc.

In the literature the unit step is frequently seen as u(t) or as u(t —a) when time
shifted. We will now follow that convention.

Using the definition, the Laplace transform of the unit step is

F(s) = jowu(t)e’Stdt
Since u(t) =1 for t >0 and 0 everywhere else, we can re-write the above as

F(s)= e™dt =%

Rev. A.3
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u(t) =

by extension

Ku(t) <—>§

Consider a time shifted step, u(t-a). Since the signal does not exist until
t =a, the limits of integration are changed to reflect this reality; therefore let
f (t) =u(t—a) and apply the definition

-st o -as

F(s)=[ utt-a)edt=""—|=0+"
a S a S
So
u(t—a) < °
and by extension
Ku(t-a) < Ke_
Examples,
-3s
au(t-3) o 28
—9.033e %"

~9.033u(t —5.76) <>

Pay attention to the exponent —as; it is a codeword, and the codeword means
the signal does not start until t =a. That is all it means; a is the time offset.
Notice that the exponent —as has a different interpretation from the exponent
—st; one is a specific time and the other is general. Time offset, u(t-a), can
be applied to any signal in the chart of transform pairs in Table 1 with a
corresponding right hand side factor of e
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An example is

Ke ™ sin(at)u(t —a) < %
(s+o) +w
or

77710

1l sin(7Hu(t-10) > ————
(7t ) (s+5)° +49

The ability to mathematically model time shifting gets one step closer to
modeling a rectangular pulse. The next step is to add two unit steps, one
positive and the other negative.

Conceptually, this signal can be constructed this way,

Unit Step u(t)

time ———»

t=0

Rev. A.3
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Negative Unit Step -u(t-a)

o

\ time ———»

t=0

Coincident u(t) & -u(t-a)

time —

Rev. A.3
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Algebraic Result of u(t) & -u(t-a)

-1 time ——

The algebraic addition of a unit step and a negative time shifted unit step
creates the foundation of the signal we are looking for. Mathematically it is
modeled by

u(t)—u(t—a) <> =&
S S

Again, by extension

KEO-ut-a) & e )

For example

S5(u(t) —u(t-5))
Looks like

Rev. A.3
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t=5

with a transform of 2(1—6‘55)

The Transform of the Derivative and the Integral of f(t):

Suppose we wish to find the Laplace transform of the derivative of a function,
f'(t). Again we will begin with the definition

F(s) = jo“’ f'(t)e*dt
Integrating by parts and allowing the variables to be distributed thus,

_ St _ P
u=e v_jo f'(t)dt
du=-se™ dv=f'(t)

[ sty _ a-st [ fo ®© st [P g
F(s)_j0 ftedt=e| f (t)o|t+sj0 e jo f'(t)dt
since
j:f'(t)dtz f(t)
re-writing becomes

Rev. A.3
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F(s) = jo“’ frt)etdt = e f (t) I+ s j:’ f(t)e *dt
and since by definition
jo“’ f()edt = F(s)
then
J: f'(t)e dt = — f (0) + SF(s)

or
f'(t) <> sF(s) - f(0) (Transform pair #9)
Some examples,

C d(;’tC & sCv, (s) -V, (0)

di . .
L— <> sLi(s)—-i(0
< (s)-i(0)
As a side bar, since v =iz, it follows that sL and %C are impedances.

The last transform that we will consider in this part is the integral of f(t).

Applying the definition, as usual

FO=[ ( [ 1 (t))e“dt

Again, we will integrate by parts, and choose

_e %
u=[f(Md v=

du=f(t) dv=e™

then

—st

- I —e
[ U f(t)je dt = | f(t)dt( :

Evaluating the first term on the RHS

0 1 —Si
|0j+§j f(t)e dt

U: f(t)dtj(O)—U;f(O)dtj(l)zo limits on the second integral are confined to

0 —» 0% as the overall integral is being evaluated at 0
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the transform becomes,

JowU f (t))e‘s‘ dt=0+ ?

or
[ @t e@ (Transform pair #10)

a circuit example is,
= j v, (t)dt (S)

For a simple RLC series circuit, the differential equation satisfying
Kirchhoff's VVoltage Law is

1
iR +Efidt+Ldi = v,
iRC + f idt + LCdi = Cv,,

i(s)RC + @ + sLCi(s) = Cv;,(s)

The above by direct application of the transform pairs. It then converts to
(after re-arranging)

L), , R 1.\
[;)(s +IS+E)I(S)—Vin(S) or

SV;
i(s) = ;‘(S) -
L(S2 + ZS + E)

As we shall see, this quadratic form plays a major role in circuit analysis and
design. It becomes the focus of our attention particularly when issues of
circuit stability occur.
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Another transform for Part 1, which is really a property of the mathematics is
the transform of af (t) + bg(t), applying the definition

jo“’ (af (t) + bg(t) e dt = a jo“’ f(t)edt+b jo“’ g(t)e dt = aF (s) + bG(s)

af (t) +bg(t) <> aF(s) +bG(s) (Transform Pair #11)

Examples:

345008(200t) ¢3 >4 >
s s°+200

8(s? +15000)
3+ 5cos(200t

’ (200t) s(s? +200?)

Later, we will see how denominator factoring prevents the masking of the
transformation pair identity and partial fraction expansion reduces the right
side of the lower of the above two transforms to the right side of the upper.

In Part 2 of this series, we will begin to use these transforms for constructing
circuit equations and simple transfer functions. Also any other transforms we
might need for analysis will be developed as necessary. The emphasis will be
on learning by examples. Of course theoretical foundations will be provided
when needed.
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Summarizing the pairs for Part 1

Transform | f(t) F(s)
1 K K
S
2 Ke™ K
S+o
3 K sin(awt) Ko
s’ +o°
4 K cos(at) Ks
s+’
5 Ke " sin(at) Ko
(s+o) +a?
6 Ke™* cos(at) K(s+o)
(s+of +0?
7 S(t) 1
7a* | KS(t) K
8 Ku(t —a) Ke ™
s
9 (1) SF(s)—  (0)
10 j f (t)dt F(s)
S
11 af (t)+bg(t) | aF(s)+bG(s)

* K is preserved for practical circuit reasons, not for
theoretical reasons as K * oo is approximately equal
to o

Table 1

Table 1 is not all inclusive and other pairs will be examined and added when
needed. But for beginning analysis purposes Table 1 is adequate.

It is very important to understand that to be able transform any F(s) toan f (t)
, F(s) must be reduced to one of the forms so far developed. If it is notin one

of these forms it cannot be operated on until it is. Study the right hand side
forms, they identify the left hand side.
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